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Portfolio diversification
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Markowitz(1952), Sharpe (1964)

๏ Highly concentrated portfolios  

๏ “Error maximization” (Michaud, R. (1989)) 

๏ Bad performance for high dimensional portfolios 

๏ Linear dependence of assets

Basel Committee (2010) 
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TEDAS with Y= S&P 500

Figure 1. Cumulative portfolio wealth comparison: TEDAS 1 , TEDAS 3 , TEDAS 2 , RR , PESS , 
S&P 500 buy & hold; X  = hedge funds’ indices’ returns matrix

 TEDAS_strategies2
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https://github.com/QuantLet/TEDAS/tree/master/TEDAS_strategies2
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Portfolio diversification
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• Fragkiskos (2014) 

 Overview: what exactly portfolio diversification is 

• Evans and Archer (1968) 

Number of securities: higher number - lower variance 

• Adam, Houkari, Laurent, (2008)

Risk measure matters 

• Ang and Chen (2001)

Asymmetric correlations (bull and bear markets) 
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Clustering of financial time series
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• Durante , Pappadà, Torelli (2014)

Conditional Spearman’s correlation 

• De Luca et al. (2010) 

Clustering financial TS via tail dependence (conditional 
Spearman’s correlation) 

• Durante , Pappadà, Torelli (2015) & De Luca and 
Zuccolotto (2011) 

Lower tail dependence with copula-based coefficient 



Risk profile portfolio diversification

๏ Risk-management challenges 

‣ Asset classes 

‣ Choice of risk measure 

‣ Liquidity issue 

๏ Statistical challenges 

‣ Large assets’ universe 

‣ Assets clustering 

‣ Feature selection for cluster analysis 

Challenges

Motivation 1-6
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๏ Improvement of portfolio diversification  

๏ Risk-profile based consensus-way to detect assets’ classes

Objectives
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Methodology

Risk profile portfolio diversification

1. Construct risk profiles of assets (based on annual data) 
๏ Volatility  
๏ Skewness 
๏ Kurtosis 
๏ Value-at-Risk 5% Details 

๏ Expected Shortfall 5% 
๏ CAPM  

Methodology
Details
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Risk profile portfolio diversification

Portfolio construction
Methodology

1 and 2 3 4
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Risk profile portfolio diversification

2. Cluster the assets (2-50 clusters) 
๏ Partitioning algorithms 
‣  k-means  

๏ Hierarchical algorithms 
‣Agglomerative hierarchical clustering  

๏Adaptive weights clusteringtail 
 s 

3. Choose portfolio constituents from every cluster 
๏ Maximum Sharpe ratio 
๏ Random selection

Methodology
Methodology 2-3



Risk profile portfolio diversification

4. Portfolio allocation 

๏ 1/n rule 

๏ Mean-variance portfolios (Markowitz rule) Details 

5. Rebalancing of portfolios 

๏ Every period t based on t -1 clusters-detection and covariance 
matrix 

๏ Transaction costs are 1% of portfolio value

Methodology
Methodology 2-4



Simulation study
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Simulation study: are partitions differ?

Risk profile portfolio diversification

1. Simulate returns’ time series: 
•  Number of simulations N = 200  
•  n = 252 p = 600  
• Xi ~ N(0, 0.6) for i = 1…300 
• Xi ~ N(0, 0.2) for i = 301…600 
• Market proxy TS 

2. Number of clusters k = 3, 5, 10 
3. Risk measures  used as features for clustering: 

• Model 1: Volatility, Skewness 
• Model 2: Volatility, Skewness, Kurtosis 
• Model 3: Volatility, Skewness, Kurtosis, VaR,  
• Model 4: Volatility, Skewness, Kurtosis, VaR, ES, 
• Model 5: Volatility, Skewness, Kurtosis, VaR, ES, CAPM beta 

4. Measure of agreement  
     Adjusted Rand Index
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Simulation study

Risk profile portfolio diversification

Simulation study : k-means results

Risk profile portfolio diversification

 Table 1. ARI for different models: k-means (Euclidian distance)
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Simulation study

Risk profile portfolio diversification

Simulation study: Hierarchical clusters results

Risk profile portfolio diversification

 Table 2. ARI for different models: Hierarchical algorithm (Euclidian distance, 
single linkage)
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Data
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๏ Daily data 
‣  STOXX North America 600 index 
‣  435 - 593 constituents of STOXX North America 600  
‣Span: 19980101 - 20151231 (18 years)

North American equity
4-1

European equity
๏ Daily data 
‣  STOXX Europe 600 index 
‣  243 - 579 constituents  of STOXX Europe 600 

•18 countries 
•98 industries 
‣Span: 19950101 - 20161231 (21 years)



Empirical results

Risk profile communities: 3 agglomerative

hierarchical clusters 

4-2

Risk profile clustering



Risk profile portfolio diversification

Portfolios’ performance

Empirical results - American equity

 Table 3. 1/n portfolios cumulative return
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Risk profile portfolio diversification

 Table 4. Markowitz-portfolios cumulative return

Portfolios’ performance

4-4Empirical results - American equity



Section Title

Risk profile portfolio diversification

k-means clusters’ portfolios
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 Figure 1. Cumulative portfolio wealth comparison (Distance measure: 
squared Euclidean): Black - Buy&hold STOXX600 NA(solid), Markowitz 
(dashed), 1/n (doted)  RiskProfilePortfolio

Empirical results - American equity

https://github.com/allapetukhina/RiskProfilePortfolio/tree/master/RiskProfilePortfolio_M
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Hierarchical clusters’ portfolios

 Figure 2. Cumulative portfolio wealth comparison (Distance measure: 
Euclidean, Agglomeration method: weighted ): Black - Buy&hold STOXX600 
NA(solid), Markowitz (dashed), 1/n (doted)

4-6

 RiskProfilePortfolio

Empirical results - American equity

https://github.com/allapetukhina/RiskProfilePortfolio/tree/master/RiskProfilePortfolio_M


Risk profile portfolio diversification

Best Performing Methods and Distances

Table 5. Best performing agglomeration Method and Distances (Markowitz 
portfolios, Maximum Sharpe portfolio selection)

4-7Empirical results - American equity



Risk profile portfolio diversification

Best Performing Methods and Distances

Table 6. Best performing agglomeration Method and Distances (Markowitz 
portfolios, Random portfolio selection)

4-8Empirical results - American equity



Risk profile portfolio diversification

 Figure 3. Average cumulative return over 100 randomly selected portfolios: 
1/n portfolios (left), Markowitz portfolios (right), Black - STOXX600 NA

k - means clusters’ random portfolios
4-9

 RiskProfilePortfolio

Empirical results - American equity

https://github.com/allapetukhina/RiskProfilePortfolio/tree/master/RiskProfilePortfolio_M


Risk profile portfolio diversification

 Figure 4.  Average cumulative return over 100 randomly selected portfolios: 
1/n portfolios (left), Markowitz portfolios (right), Black - STOXX600 NA

Hierarchical clusters’ random portfolios
4-10

 RiskProfilePortfolio

Empirical results - American equity

https://github.com/allapetukhina/RiskProfilePortfolio/tree/master/RiskProfilePortfolio_M


Risk profile portfolio diversification

 Figure 5.  k-means , Hirarchical  and AWC clusters’ portfolios 

Naive portfolios with time-varying number of clusters
Empirical results - European equity 4-11

 RiskProfilePortfolio
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https://github.com/allapetukhina/RiskProfilePortfolio/tree/master/RiskProfilePortfolio_M


Risk profile portfolio diversification

 Figure 6.  k-means , Hirarchical  and AWC clusters’ portfolios 

Markowitz portfolios with time-varying number of 
clusters
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 RiskProfilePortfolio
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Risk profile portfolio diversification

Risk profile diversification vs Natural clusters 
diversification (country and industry)

Table 7. Comparison of portfolios: performance (wealth) and diversification 
measure - Effective number of bets

4-13Empirical results - European equity



Conclusion

Risk profile portfolio diversification

Conclusion

๏ Improvement of portfolio diversification 
‣ outperforms benchmarks in out-of-sample framework 

๏ Risk-profile clustering strategy 
‣ dimension reduction of assets’ universe 
‣ multiple risk measures  
‣ hierarchical clustering portfolios demonstrate best performance

5-1



Technical details

๏ Portfolio loss X 
๏ Given  pdf f(x)  and cdf F(x) 

๏ Value at Risk

Value at Risk (VaR)

Risk profile portfolio diversification

(1)
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Technical details

Let Li, i ∈ {1, …, t}, be a (continuous) series of portfolio losses 

and qθ the θ-quantile of these losses

Expected shortfall

ESt = E[Lt |Lt > q✓]

Risk profile portfolio diversification

(2)
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Technical details

k - means Clustering

Risk profile portfolio diversification
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Technical details

k - means Clustering

Risk profile portfolio diversification
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Technical details

Standard Algorithm

Risk profile portfolio diversification
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Technical details

FUZZY c-means clustering (FCM)

Risk profile portfolio diversification

7-6



Technical details

FUZZY c-means clustering (FCM)

Risk profile portfolio diversification
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Technical details

1.Construct the finest partition, i.e. each point is one cluster. 
2.Compute the distance matrix D. 
DO 
3.Find the two clusters with the closest distance. 
4.Unite the two clusters into one cluster. 
5.Compute the distance between the new groups and obtain a 
reduced distance matrix D. 
UNTIL all clusters are agglomerated.

Hierarchical Algorithms,

Agglomerative Techniques

Risk profile portfolio diversification
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Technical details

Agglomerative Techniques

Risk profile portfolio diversification

After unification of P and Q one obtains the following distance to 
another group (object) R

 j             - weighting factors  

Denote by                        the          number of objects in group P

7-9



Risk profile portfolio diversification

Agglomeration methods
Technical details 7-10



Risk profile portfolio diversification

Distance Measures
Technical details 7-11



Risk profile portfolio diversification

Distance Measures
Technical details

 Figure  Map of Mannheim around 1800

Source: http://historic-cities.huji.ac.il
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Risk profile portfolio diversification

Markowitz rule
Technical details 7-13



Technical details

C-medoids clustering is related to the k-means. Both attempt 
to minimize the distance between points labeled to be in a 
cluster and a point designated as the center of that cluster. In 
contrast to the k-means, C-medoids chooses datapoints as 
centers (medoids) and works with an arbitrary matrix of 
distances.

C -  medoids

Risk profile portfolio diversification
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Technical details

The silhouette value for each point is a measure of how similar that 
point is to points in its own cluster, when compared to points in 
other clusters. The silhouette value for the i-th point, Si , is defined 
as

Silhouette Value

Risk profile portfolio diversification

where ai  is the average distance from the i-th point to the other 
points in the same cluster as i 
bi is the minimum average distance from the i-th point to points in 
a different cluster, minimized over clusters

7-15



Technical details

The Calinski-Harabasz criterion is sometimes called the variance 
ratio criterion (VRC). The Calinski-Harabasz index is defined as

Calinski-Harabasz criterion

Risk profile portfolio diversification

where SSB  is the overall between-cluster variance, 
SSW  is the overall within-cluster variance, 
k is the number of clusters, 
N is the number of observations
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Technical details

The Davies-Bouldin criterion is based on a ratio of within-cluster and 
between-cluster distances

Davies-Bouldin Criterion

Risk profile portfolio diversification

di/dj are average distance between each point in the i-th/j-th  
cluster and centroid of the i-th/j-th cluster 
di,j is the Euclidean distance between the centroids of the i-th and 
j-th clusters.

where Di, j is the within-to-between cluster distance ratio for the 
i-th and j-th clusters.
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Technical details

Measures of the similarity between two data clustering (partition) 

Rand index (RI) and Adjusted Rand index (ARI)

Risk profile portfolio diversification

7-17

RI =
a+ b

a+ b+ c+ d
=

a+ b�n
2

�

a - the number of pairs of elements  that are in the same subset in 
X partition  and in the same subset in Y partition  
b - the number of pairs of elements that are in different subsets in 
in X partition  and in different subsets in Y partition  
c - the number of pairs of elements in that are in the same subset 
in X partition  and in different subsets in Y partition 
d -the number of pairs of elements  that are in different subsets in 
X partition  and in the same subset in Y partition  



Technical details

Measures of the similarity between two data clustering (partition) 

Rand index (RI) and Adjusted Rand index (ARI)

Risk profile portfolio diversification
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Adjusted Rand index adjusted for the chance grouping of elements

RI =
a+ b

a+ b+ c+ d
=

a+ b�n
2

�



Technical details

 The diversification distribution 

Effective number of Bets (Principal Components Method)

Risk profile portfolio diversification
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 Effective number of bets

Meucci A., Santangelo A., Deguest R. (2014)


